In this paper, we study hom-Lie superalgebras. We give the definition of homNijienhuis operators of regualr hom-Lie superalgebras and show that the deformation generated by a hom-Nijienhuis operator is trivial. Moreover, we introduce the definition of T * -extensions of Hom-Lie superalgebras and show that T * -extensions preserve many properties such as nilpotency, solvability and decomposition in some sense. We also investigate the equivalence of T * -extensions.
Introduction
A Hom-Lie algebra is a triple (L, [·, ·] L , α), where α is a linear self-map, in which the skewsymmetric bracket satisfies an α-twisted variant of the Jacobi identity, called the Hom-Jacobi identity. When α is the identity map, the Hom-Jacobi identity reduces to the usual Jacobi identity, and L is a Lie algebra. The notion of hom-Lie algebras was introduced by Hartwig, Larsson and Silvestrov to describe the structures on certain deformations of the Witt algebra and the Virasoro algebra [7] . Hom-Lie algebras are also related to deformed vector fields, the various versions of the Yang-Baxter equations, braid group representations, and quantum groups [7, 12, 13] . Recently, hom-Lie algebras were generalized to hom-Lie superalgebras by Ammar and Makhlouf [1] [2] [3] . More applications The paper proceeds as follows. In Section 2 after giving the definition of hom-Lie superalgebras, we show that the direct sum of two hom-Lie superalgebras is still a hom-Lie superalgebra. A linear map between hom-Lie superalgebras is a morphism if and only if its graph is a hom-Lie sub-superalgebra. Section 3 we give the definition of hom-Nijienhuis operators of regualr hom-Lie superalgebras. We show that the deformation generated by a hom-Nijienhuis operator is trivial. Section 4 after presents a summary of some of the relevant concepts, we introduces the definition of T * -extension of hom-Lie superalgebra and shows that T * -extension preserves many properties such as nilpotency, solvability and decomposition in some sense. Section 4 discusses the equivalence of T * -extensions using cohomology. 
where x, y and z are homogeneous elements in L; 
In the sequel, u + v ∈ L ⊕ Γ implies that u ∈ L, v ∈ Γ and u + v is homogeneous satisfying |u + v| = |u| = |v|, then (−1)
and the linear map
Proof. for any u i ∈ L, v i ∈ Γ, we have
The bracket is obviously supersymmetric and with a direct computation we have
where c.p.(a,b,c) means the cyclic permutations of a, b, c.
Denote by
) is a morphism of hom-Lie superalgebras if and only if the graph
be a morphism of hom-Lie superalgebras, then for any u, v ∈ L, we have
Thus the graph G φ is closed under the bracket operation [·, ·] L⊕Γ . Furthermore, by (4), we have
Conversely, if the graph G φ ⊂ L⊕Γ is a hom-Lie sub-superalgebra of (L⊕Γ, [·, ·] L⊕Γ , α+ β), then we have
which is equivalent to the condition
is a morphism of hom-Lie superalgebras.
3 The hom-Nijienhuis operator of hom-Lie superalgebras
be a multiplicative hom-Lie superalgebra. We consider that L represents on itself via the bracket with respect to the morphism α. 
In particular we use ad represent ad 0 .
Lemma 3.2. [3] With the above notations, we have
Thus the definition of α s -adjoint representation is well defined.
The set of k-hom-cochains on L with coefficients in L, which we denote by
In particular, the set of 0-hom-cochains are given by:
Associated to the α s -adjoint representation, the coboundary operator
For the α s -adjoint representation ad s , we obtain the α
α (L; L) be a bilinear operator commuting whit α. Consider a t-parametrized family of bilinear operations
Since ψ commutes with α, α is a morphism with respect to the bracket [ 
Obviously, (6) means that ψ must itself define a hom-Lie superalgebra structure on L. Furthermore, (7) means that ψ is closed with respect to the α
A deformation is said to be trivial if there is a linear operator
where the bracket [·, ·] N is defined by
Furthermore, this deformation is trivial.
To see that ψ generates a deformation, we need to check the hom-superJacobi identity for ψ. Using the explicit expression of ψ, we have
Therefore, we have
Since N commutes with α, by the hom-superJacobi identity of L, we have
Since N is a hom-Nijienhuis operator, we have
Furthermore, also by the fact that N is a hom-Nijienhuis operator, we have
Thus by the hom-superJacobi identity of L, we have
Thus ψ generates a deformation of the hom-Lie superalgebra (L, [·, ·] L , α).
On the other hand, we have
By (9), (10), we have
which implies that the deformation is trivial.
4 T *-extension of hom-Lie superalgebras
Throughout this paper, we only consider superconsistent bilinear forms. 
for every g, h ∈ Z 2 and
Now we introduce the cohomology theory of hom-Lie superalgebras, which can be find in [3] .
For a given r, we define a map δ
The base field K itself can be considered as Z 2 -graded, if one sets
where
Lemma 4.5. 
We call the representation π the coadjoint representation of L 
Proof. For any homogeneous elements x + f, y + g, z + h, ∈ L ⊕ L * , we obtain
Then (1) holds if and only if
By the hom superJacobi identity ,
on the other hand
Since π is the coadjoint representation of L, we have
Obviously,
Consequently,
if and only if
Then confirmation holds if and only if
Then we have the following lemma:
is a quadratic hom-Lie superalgebra if and only if ω is supercyclic in the following sense:
w(x, y)(z) = (−1) |x|(|y|+|z|) w(y, z)(x) for all x, y, z ∈ L.
Proof. The supersymmetric bilinear form q L is nondegenerate:if x + f is orthogonal to all elements of L ⊕ L * , then f (y) = 0 and (−1) |x||y| g(x) = 0, which implies that x = 0 and f = 0.
On the other hand,
Hence the lemma follows. Now, for a supercyclic 2-cocycle ω we shall call the quadratic hom-Lie superalgebra
and a central ascending series
L is called solvable and nilpotent(of length k) if and only if there is a (smallest) integer
In the following theorem we discuss some properties of a T * ω L.
(3) If L is decomposed into a direct sum of two hom-Lie superalgebra ideals of L, so is the trivial T
and
w L is nilpotent of length at least k and at most 2k − 1.
(2) Suppose that L is nilpotent of length k. Adopting the notations of the proof of part (1), for
where we use the fact that ad[x, y] = [adx, ady], ∀x, y ∈ L. Note that
and vanishing on J(resp. I). Clearly, I * (resp. J * ) can canonically be identified with the dual space of I(resp. J) and In the proof of a criterion for recognizing T * -extensions of a hom-Lie superalgebra, we will need the following result. Proof. Since dimI+dimI ⊥ = n/2 + dimI ⊥ = n and I ⊆ I ⊥ , we have 
L is surjective. In addition, q * L has the following property:
where x, y ∈ L, i ∈ I. A similar computation shows that
Define a homogeneous bilinear mapping ω :
Then |w| = 0 and w is well-defined since the restriction of the projection p to B 0 is a linear isomorphism. Now, define the bracket on B ⊕ B * by (12), we have B ⊕ B * is a Z 2 -graded algebra. Let ϕ be the linear mapping
Since the restriction of p to B 0 and q * L are linear isomorphisms, ϕ is also a linear isomorphism. Note that
Then ϕ is an isomorphism of Z 2 -graded algebras, and so (B ⊕B * , [·, ·] B⊕B * , β) is a hom-Lie superalgebra. Furthermore, we have
then ϕ is isometric. The relation
implies that q B is a nondegenerate invariant supersymmetric bilinear form, and so (B ⊕ B * , q B , β ′ ) is a quadratic hom-Lie superalgebra. In this way, we get a T * -extension T * ω B of B and consequently, (L, q L , α) and (T * ω B, q B , β ′ ) are isometric as required.
The proof of Theorem 4.10 shows that the homogeneous bilinear mapping ω depends on the choice of the isotropic subspace B 0 of L complement to the hom-Lie superalgebra ideal I. Therefore there may be different T * -extensions describing the "same" quadratic hom-Lie superalgebras.
L of L are said to be equivalent if there exists an isomorphism of hom-Lie superalgebra φ : T * ω 1 L → T * ω 2 L which is the identity on the hom-Lie superalgebra ideal L * and which induces the identity on the factor hom-Lie superalgebra algebra
L are said to be isometrically equivalent if they are equivalent and φ is an isometry. Proposition 4.12. Let L be a hom-Lie superalgebra over a field K of characteristic not equal to 2, and
If this is the case, then the supersymmetric part z s of z, defined by z s (x)(y) := Since Φ is an isomorphism, (14) holds.
Conversely, if there exists z ∈ C 1 (L, L * )0 satisfying (12), then we can define Φ : (ii) Let the isomorphism Φ be defined as in (i). Then for all x + f, y + g ∈ L ⊕ L * , we have q B (Φ(x + f ), Φ(y + g)) = q B (x + z(x) + f, y + z(y) + g) = z(x)(y) + f (y) + (−1) |x||y| (z(y)(x) + g(x)) = z(x)(y) + (−1) |x||y| z(y)(x) + f (y) + (−1) |x||y| g(x)
= 2z s (x)(y) + q B (x + f, y + g).
Thus Φ is an isometry if and only if z s = 0.
